Nonlocal boundary conditions for Euclidean quantum gravity have been proposed in the recent literature, and a modification is here considered. Such boundary conditions are required to be completely invariant under a class of nonlocal transformations on metric perturbations. The corresponding ghost operator is a pseudo-differential operator, subject to nonlocal boundary conditions whose form is determined by the request of invariance of the boundary conditions on metric perturbations. The result seems to suggest one can achieve both strong ellipticity of the boundary-value problem and complete invariance of the boundary conditions, provided that metric perturbations in linearized gravity are subject to nonlocal transformations. This might lead to a theory of quantum gravity which no longer relies on Einstein's general relativity, but uses instead pseudo-differential operators.
The search for a suitable set of boundary conditions is a longstanding problem in the literature devoted to the attempts to quantize the gravitational field. On the one hand, there is the need to obtain a well defined prescription for the path integrals defining out-in amplitudes [1, 2] and the wave function of the universe [3] . On the other hand, the more "practical" problem remains of evaluating at least one-loop semiclassical effects, and with a set of boundary conditions inspired by the invariance principles applied also to other fundamental field theories [4] . All these problems had been studied, until quite recent times, by focusing on a local formulation, where the operator P on metric perturbations h ab is a second-order elliptic operator of Laplace type, and the boundary conditions on such perturbations are local in that they only involve projectors, first-order differential operators, and matrices having a multiplicative action on h ab [4] .
Some recent work, however, motivated by the mathematical progress in handling integrodifferential boundary operators [5] , by nonlocal formulations of problems relevant for BoseEinstein condensation models [6] , and by severe technical limits of an entirely local formulation of boundary conditions (they are either not completely gauge-invariant or incompatible with an elliptic theory [4] ), has considered mixed boundary conditions for the gravitational field with background metric g in the form [7] [
With our notation, W
is the kernel of the integral part of the boundary operator. It has distributional nature, and its component W
is taken to vanish ∀c ′ , d ′ . Following DeWitt [8] , primed lower-case Latin indices refer to the point in M with coordinates x ′ , and unprimed lower-case Latin indices refer to the point in M with coordinates x. For example, one has [8] 
Moreover, K is the trace of the extrinsic-curvature tensor of the boundary, N a is the inwardpointing normal to ∂M, ∇ is the Levi-Civita connection of M and dV ′ is the integration measure on M. By imposing Eqs. (1) and (2), one studies a scheme where part of the boundary conditions involve a nonlocal contribution which may lead to some novel features such as the existence of surface and bulk states in Euclidean quantum gravity. The former are solutions of the eigenvalue problem for metric perturbations, subject to Eqs. (1)- (3) at the boundary, which are non-vanishing only in a small neighbourhood of the boundary ∂M. The latter are solutions of the same problem which, instead, remain non-negligible over a much larger region.
The boundary conditions (1)- (3) studied, first, in Ref. [7] (cf. Ref. [9] ), are not, of course, the most general set of boundary conditions of nonlocal nature. However, from the physical point of view, they suffer from a more serious drawback, i.e. the apparent lack of any link with invariance principles. The aim of our paper is therefore to study a possible set of nonlocal transformations on metric perturbations which may be used to cast new light on boundary conditions along the lines of Eqs. (1)- (3) . For this purpose, we find it instructive to recall the form of "gauge transformations" considered in linearized gravity. These are infinitesimal diffeomorphisms, whose effect on metric perturbations is given by
where ϕ a is a one-form. The counterpart of ϕ a in (one-loop) quantum theory are the ghost and anti-ghost fields, with ghost operator which, upon choosing the de Donder gaugeaveraging functional [10] Φ 
with R ab the Ricci tensor on M. Thus, if one is instead interested in nonlocal transformations on metric perturbations, it seems appropriate to make the following requirements:
(i) The desired transformations, ϕ h ab , should involve explicitly h ab plus a nonlocal "correction" to it.
(ii) Such a correction term should involve the action of an integral operator on a one-form.
We are thus led to write the nonlocal transformation of h ab in the form
where
is a kernel with distributional nature. One then finds a number of nontrivial properties, which are as follows.
Let us assume that the only nonvanishing components of W
, where i, j run from 1 through m − 1, m being the dimension of M. The boundary conditions (1) are preserved under the action of (7) if and only if
Thus, if the kernel W takes the form
the boundary condition (8) is automatically satisfied, without any restriction on the boundary values of ghost fields. This is a substantial advantage with respect to a purely local formulation, because now the request of invariance of
and of Eq. (3) under the transformations (7) leads to a mixed boundary-value problem for the ghost operator (see below) while avoiding tangential derivatives in the boundary conditions for h ab , which spoil strong ellipticity in a purely local formulation, as has been proved in Ref. [4] . More precisely, the boundary conditions (10) are invariant under (7) if and only if
whereas the boundary conditions (3) are preserved under the action of Eq. (7) if and only if
where we have defined
Furthermore, on studying the variation of the de Donder gauge-averaging functional (5) under Eq. (7), one finds
where the ghost operator, Q b a , is found to have the kernel
In other words, nonlocal transformations of metric perturbations of the form given in Eq. (7) lead to a nonlocal form of ghost operator, subject to nonlocal boundary conditions which arise from requiring that the original boundary conditions (1), (3) and (10) should be preserved under the action of Eq. (7) on metric perturbations. What is crucial, in the above scheme, is the occurrence of a nonvanishing kernel W
in the boundary conditions (1), which makes it possible to "compensate" the effect of U c ′ ab upon making the choice (9), hence avoiding an over-determined boundary-value problem for ghost fields. At this stage, instead of setting to zero at the boundary the de Donder gauge-averaging functional, as one does in a purely local formulation to ensure invariance under infinitesimal diffeomorphisms [4] , the boundary conditions (3) and (10) are imposed. This leads, in turn, to mixed boundary conditions on the ghost in a nonlocal way specified by Eqs. (11) and (12) .
We have thus outlined a nonlocal formulation of Euclidean quantum gravity on manifolds with boundary which, although quite involved at the technical level, might provide a viable alternative to the local approaches studied so far. For this purpose, the solution of the following issues is necessary:
(i) To prove that strong ellipticity of the boundary-value problems for metric perturbations and ghost fields is obtained. The (leading) symbols of the corresponding pseudo-differential operators should satisfy suitable majorizations in the interior of M and further conditions resulting from the boundary, so that a unique solution of the pseudo-differential boundaryvalue problem exists.
(ii) To exhibit explicit mode solutions of the surface-state and bulk-state type mentioned above, to add evidence in favor of exciting novel features being available thanks to a nonlocal quantization of the gravitational field (cf. Ref. [11] ). At this stage, one should also investigate possible applications to recent models of Bose-Einstein condensation on closed Friedmann-Robertson-Walker spacetimes [12] .
(iii) To evaluate at least one-loop semiclassical effects within such a framework, and to elucidate the general structure of the calculation with the help of some branches of modern mathematics, i.e. functional calculus [5] and invariance theory [13] .
(iv) To compare the predictions of the non-local approach we are proposing with the results obtained from the method of Ref. [14] , where a quantum effective action is studied that is (unlike ours) completely independent of gauge-fixing choices and ghost determinants.
(v) How to formulate the full path-integral quantization of the gravitational field, without restriction to the one-loop approximation, with nonlocal boundary data?
(vi) If P is a pseudo-differential operator acting on sections of a Hermitian vector bundle over a compact Riemannian manifold without boundary, the L 2 -trace of e −tP is known to have an asymptotic expansion, as t → 0 + , which involves not only powers of t, but also log t terms [15] . This means that, in physical applications, the structure of ultraviolet divergences is also affected, when pseudo-differential operators are considered, and the problem, in the absence as well as in the presence of boundaries, is largely unexplored.
(vii) If linearized quantum gravity involves pseudo-differential operators, can one make the full Euclidean action bounded from below? Unfortunately this is not the case if the Einstein theory is applied, and hence special efforts should be produced to study the issue in the pseudo-differential case.
(viii) In the applications to noncommutative geometry, a new family of invariants might be included in the spectral action principle [16] following the general results in Ref. [15] , if pseudo-differential operators are really the most fundamental tool.
In the years to come, it will hopefully become clear whether a nonlocal formulation may lead to a deeper vision in quantum gravity, or whether one has to learn to live with the recently discovered shortcomings of a purely local approach (by this we mean, in particular, the incompatibility of complete gauge invariance of the boundary conditions on h ab with the need to obtain an elliptic boundary-value problem [4] ).
At a foundational level, a key issue should be emphasized, and it has to do, again, with the choice of nonlocal transformations given in Eq. (7). The invariance group of classical general relativity in four dimensions is the diffeomorphism group of space-time, a Lorentzian four-manifold [17] . At the linearized level, it is therefore quite natural to look at infinitesimal diffeomorphisms on metric perturbations, given in Eq. (4). Here, however, we are interested in a quantum theory of the gravitational field, which may well imply a departure from many schemes familiar in the classical theory, including invariances under a different class of transformations. From this point of view, the consideration of our Eq. (7) cannot be ruled out a priori, but only a careful sequence of consistency checks, along the lines just mentioned, might help to settle the issue.
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